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NONRANDOMIZED RESPONSE MODEL
FOR COMPLEX SURVEY DESIGNS
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ABSTRACT

Warner’s randomized response (RR) model is used to collect sensitive information
for a broad range of surveys, but it possesses several limitations such as lack of
reproducibility, higher costs and it is not feasible for mail questionnaires. To
overcome such difficulties, nonrandomized response (NRR) surveys have been
proposed. The proposed NRR surveys are limited to simple random sampling with
replacement (SRSWR) design. In this paper, NRR procedures are extended to
complex survey designs in a unified setup, which is applicable to any sampling
design and wider classes of estimators. Existing results for NRR can be derived
from the proposed method as special cases.

Key words: complex survey designs, parallel model, randomized response,
probability proportional to size, varying probability sampling.

Mathematics Subject Classification: 62D05

1. Introduction

In epidemiological, medical and sociological surveys among others,
information is often collected on highly sensitive issues such as induced abortion,
HIV/AIDS, drug addiction, domestic violence and cheating in examination, etc. In
such situations, direct response (DR) surveys where sensitive questions are
asked directly to the respondents, the respondents often provide wrong answers,
or refuse to answer because of social stigma and/or fear. Under such
circumstances the randomized response (RR) techniques may be used to collect
more reliable data, protect respondents’ confidentiality and avoid unacceptable
rate of nonresponse. The RR technique was introduced by Warner (1965).
Warner’s technique was later modified by Horvitz et al. (1967), Greenberg et al.
(1969), Raghavrao (1978), Franklin (1989), Arnab (1990, 1996), Kuk (1990) and
Rueda et al. (2015) to increase co-operations from respondents and improve
efficiencies of the proposed estimators. The applications of the RR technique to
real life situations were reported by many researchers: Greenberg et al. (1969)
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with regard to illegitimacy of offspring; Abernathy et al. (1970) concerning
incidence of induced abortions; Goodstadt and Gruson (1975) concerning drug
uses, Folsom et al. (1973) concerning drinking and driving; and Arnab and
Mothupi (2015) concerning sexual habits of University students.

In all randomised response models proposed in the literature, respondents
have to perform randomized response experiments using devices such as
spinners, the drawing of cards and the drawing of random numbers. So, in a
survey involving RR methods, the investigators have to describe the methods and
supply randomized devices to the respondents, which make the survey more
expensive and time consuming rather than the direct response surveys. Tan et al.
(2009) pointed out a few further limitations of RR which include (i) lack of
reproducibility in the sense that the same respondent may provide different
response depending on the outcome of the RR trial, (i) uneven implementation of
RR devices, which make it difficult to convince the respondents that their privacy
is protected, (iii) some of the questions are alternative to sensitive questions (e.g.
Warner (1965) model) and (iv) unfeasible for mail questionnaire. To overcome
some of the aforementioned difficulties, nonrandomized response (NRR) model
was proposed by Tian et al. (2007), Yu et al. (2008), Tan et al. (2009), Tian
(2014) among others. In the proposed NRR models, independent non-sensitive
guestions were used to obtain indirect answers on sensitive issues. Obviously,
NRR models reduce costs and are feasible for mail questionnaire. Tan et al.
(2009) and Tian (2014) reported that the NRR model is more efficient than the RR
model for estimating population characteristics. NRR techniques in real life
surveys were used by Tang et al. (2014) to investigate homosexual experience
among college students; Tian (2014) to investigate sexual behaviour and on
plagiarism; and Wu and Tang (2016) to investigate pre-marital sex experience.

All the NRR models available in the literature are limited to simple random
sampling with replacement (SRSWR) sampling design only. However, in practice
most surveys are complex and multi-character surveys. A sampling design other
than simple random sampling is called a complex sampling design. Complex
sampling often involves clustering, stratification and unequal probability sampling
among others, while in multi-character surveys information of more than one
character is collected at a time. Some of the characters are of a confidential
nature and others are not. For example, Household Income and Expenditure
Survey 2002/03 (HIES 2002/03) conducted by CSO (2004), Botswana, involved a
selection of first stage units by inclusion probability proportional to size (IPPS)
sampling design, and the second stage units by a systematic sampling procedure.
The same survey design was used by Statistics South Africa (2005) for HIES
2005/06 survey, Botswana Aids Impact Surveys (BAIS (2008)) conducted by CSO
(2009) to collect data relating to sensitive issues such as sexual behaviour along
with non-sensitive items such as socio-economic conditions.

In this paper, we have extended Tian (2014) NRR model called “The parallel
model” for estimating population characteristics when the data is collected using
complex survey designs. The estimator of the population proportion, its variance
and unbiased estimators of variances of the estimators are derived in a unified
setup, which is applicable to any sampling design and estimators. The estimators
of the population proportions, their variances and unbiased estimators of the
variances for the existing NRR models can be obtained from the proposed
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method as special cases. It was found that under the SRSWR sampling, both the
estimator and variance of the estimator of the population proportion =, for the
Greenberg et al. (1969) and Tian (2014) are the same. However, for the simple
random sampling without replacement (SRSWOR) estimators of r,, are the same
while the variance of Greenberg et al. (1969) estimator is higher than the Tian
(2014) estimator. Two pioneering RR techniques are described below.

1.1. Warner’s model

In Warner’s (1965) pioneering method, a sample of size n was selected from
a population by SRSWR method. Each of the respondents selected in the sample
was asked to draw a card at random from a pack of well scaffolded cards
consisting of two types of cards with known proportions and identical
in appearance. Card type 1, with proportion P, (#1/2) contains the question “Do

you belong to the sensitive group A ?” while card type 2 with proportion 1-P,

contains the question “Do you belong to group A?” where A is a sensitive group

such as HIV positive and A is the complement of group A (HIV negative). The
respondent will supply a truthful answer “Yes” or “No” for the question mentioned
in the selected card. The experiment is performed in the absence of the
interviewer and hence the privacy of the respondent is maintained because the
interviewer will not know which of the two questions the respondent has answered
(See Arnab, 2017).

1.2. Greenberg et al. model

Greenberg et al. (1969) modified Warner's method by incorporating
a sensitive question (character y ) along with a non-sensitive question (character

x). In this method, a sample of n units is selected by SRSWR method and each
of the respondents selected in the sample has to pick a card at random
(unobserved by the interviewer) from a pack containing two types of identical
cards with known proportions as in Warner's model. The type 1 cards bear the
sensitive question “Do you belong to the sensitive group A ?” with proportion
P, (= 0) while card type 2 (with proportion 1-P, ) bears a question of unrelated or

non-sensitive characteristic B such as “Are you an African?”. Here also, the
respondent will supply a truthful answer “Yes” or “No” for the question mentioned
in the selected card (See Arnab, 2017).

2. Tian’s NRR model

Tian (2014) proposed the following NRR model called “The parallel model”,
where the respondents need not require RR devices to provide responses. In this
parallel model, respondents fill the questionnaire themselves unobserved by the
interviewer. The questionnaire is a mixture of sensitive and non-sensitive
questions. The parallel method is described below.



70 R. Arnab, D. K. Shangodoyin, A. Arcos: Nonrandomized response...

2.1. Parallel method

Let Adenote the group of people who possess a sensitive characteristic y

(such as HIV positive) and A denotes the people who do not possess the
sensitive characteristic y (HIV negative). Further, let x and w be two non-

sensitive dichotomous variates, such that y, x and w are mutually independent.
For example, x=1(0) if the respondent’s birthday 1 to 15 (16-31) days of a month
while w=1(0) if the respondent is born between July and December (January to
June) of a year. Clearly x and w are independent of the HIV infection status y
such that 7, =Prob(x=1)=0.5 and 1-p=Prob(w=1) =0.5. Here a respondent
has to answer truthfully “Yes” or “No” the unrelated non-sensitive question Q1 if
his/her birthday falls in the first half of the year, i.e. (w=0) or a sensitive question
Q2 if his/her birthday falls within the second half of the year, i.e. (w=1).The

respondent should provide the answer “Yes” or “No” without disclosing which
question he/she has answered. Hence, the confidentiality of the respondent is
maintained.

For example, the questions Q1 and Q2 are as follows:

Ql: Are you a vegetarian?

Q2: Are you HIV positive?

2.2. Sampling design and methods of estimation

Tian (2014) used SRSWR method of sampling for the selection of a sample.
Let n be the number of respondents selected and n'be the number of
respondents who answered “Yes”. Here, the probability of obtaining “Yes” answer
from a respondent is
6, =Probfw=0nx=0+Prob{fw=1ny=1}

=(1-p)zy + p7zy (2.1)

Noting that n' follows binomial distribution, Tian (2014) obtained an unbiased
estimator of =, as

Ry = 21_+(1_p) (2.2)

where J, =n'/n = proportion of “Yes” answers.

The variance 7, is given by

_my-m) Q-p)g ]z, p)

Var(;%ty) . npz

(2.3)
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where g(7, |7, p)=(p-Dz} +(1—27,p)7, + 7 P .

(p-9)
4

1
+=.

For z, =1/2, g(=, |7y, p)=

N

3. Parallel models for Complex survey designs

In this section we propose a methodology of estimating population proportion
of a sensitive characteristic of a complex multi-character survey design where the
data of the sensitive characteristic is collected by using the parallel method.

Consider a finite population U ={1,..,i,.., N} of N units from which a sample s of
size n units is selected with probability p(s)using a sampling design . Let
TT; :Z p(s) and z; = Z p(s) be the inclusion probabilities for the ith, and ith
soi SOi, J
and jth (i # j) units of the population. From each of the units in the samples, the
information on the sensitive characteristic y is obtained by using a parallel
method. Let B(B) be the group of respondents whose birthday falls between first
half of a month i.e. 01 and 15 days (after 15" day of a month) of a month; W (W)

be the group of respondents born in the second half of the year, i.e. between July
and December (January and June) and A(A) be the group of respondents who do

(do not) possess the sensitive characteristic y . Define

- = W = - .y . ol il - . - - -

0 iftheith unit € B 0 iftheunitieW 0 iftheithunit € A
and 7 = 1 if the ith unit answers"Yes"
"0 if the ith unit answers "No"

{1 if the ith unit e B {1 if the unitieW {1 if the ith unit € A
i = ; i =

Under the parallel model, if a respondent belongs to the group W, he/she
answers the question Q1. In this case if the respondent’s birthday falls between
01 and 15th day of a month, the respondent provides “Yes” answers with
probability one. Otherwise if the respondent is born after 15th day of a month, the
respondent supplies “No” answers with probability 1. Hence,

;=%  ifieW (3.0

Similarly, if a respondent belongs to the group W, then the respondent
answers the question Q2 . In this case the respondent answers “Yes” with
probability one if he/she belongs to the sensitive group A (HIV positive). On the
other hand, if the respondent belongs to the complementary group A
(HIV negative), then he/she supplies response answer “No” with probability one.
Hence, in this cas
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Equations (3.1) and (3.2) yield
zi =Wy +(1-w;)x; (3.3)

Z:Z:zi

ieU

:in +z>’i

ieW iew

and

where Ny (Nya) is the number of individuals of the population belonging to the
groups WnB (WNA).

Assuming that the membership of an individual to the group A(A), WW),

and B(B) is mutually independent, we make the following assumptions:

Towg = P7Ty: mgg = (1_ p)”x; twa = pﬂ-y; N\/\7A = (1_ p)ﬂy (34)
where
Nwg Nwg Nwa Nya Ng N4
e =T e T A ST SN T Ay S AN

p:NWW; Nz and Ngg; denote the number of individuals belonging to the

group F and FNG ; F,G=AAB,BW,W.
Under the assumption (3.4), we have
Z=ZIN=pz,+Q1-p)r, (3.5)
Here, we propose a linear homogeneous unbiased estimator of Z as
= 1
Z= Wsti 72 (3.6)
ies
Where Y;cs  denotes the sum over distinct units in s, b;’s are known constants
satisfying the unbiasedness condition

> byp(s) =1. (3.7)

soi

The variance of f is

V(ZA):V(stiziJ/NZ

ies
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(st, J ~z2|IN?

les

S ies i= jes

b [Tt TS e o] 7

(where p(s) is the probability of the selection of the sample s)

| St R e |- e

ieU i= jeU

where

Q; =Zb52i pP(s) and o :stibSJ p(s).

soi soi

The expression (3.8) yields

V(ZL):Zai*ziz+ZZa;zizj (3.9)

ieU i jeU
« 1 » 1
where o, :F(ai ~-1) and o :F(aﬁ -1)

From expression (3.9), we set an unbiased estimator of V (Z) as

V(Z)=Y ezt + Y ey (3.10)

ies i jes
where ¢ and cg; are suitably chosen constants satisfying unbiasedness
conditions

D cip(s)=a; and Y CsP(s) = (3.11)

soi soi

We may choose ¢y and cg; in various ways. One of the obvious choices is

Sij
si = O /ﬂ'i a.nd CSIJ = 0{” /ﬂ'” .

Substituting z; =wy; +W,x;, W, =1-w; in equation (3.9) and noting that
W, W, Y; and X; are indicator variables, we have the following simplifications:

V(ZA):Zai*(Wiyi W)+ YD e (W, + W) (W + WX, )

ieU i= jeU

oz g g

ieW i jew ieW iz jew
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DD IR P

W ()W JeW i(=j)ew

:{z iy Y a;;}+{z i3 ¥ a;;}

iEWnA iz jeWnA ieWnB jeW B

S TS s

iEWNA j(zi)eWnB JEWNB i(zj)eWnA

The above results lead to the following theorem.

Theorem 3.1.
Under assumptions (3.4),

OF =M is an unbiased estimator of =, when the population proportion
p

7, is assumed to be known.

(i) The variance of 7, is

T DI UL DTS M S DN T S
p ieWNA i jJeWNA ieWB iz jeWnB iEWNA j(#i)eWnB JEWNB i(#])eWnA

(iii) An unbiased estimator of V (ny) is
v(’%y):#[z%izi +z chijzizj].
ies i jes

We now present expressions of z,, V (ﬂy) and V(ﬁy)for various sampling
strategies as special cases of Theorem 3.1.

3.1. Arbitrary sampling design with Horvitz-Thompson estimator

1a| =
TT; 1 N2 T 7T

* * TTii
For b =1/7;, we have ai:%[i_lj i i{i—lJ and the
i i’°j

expression of the Horvitz- Thompson estimator for =

Y -a-p)m,

Fpge = 1=—— > (3.12)

yas
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The expression of the variance of and its unbiased estimators are obtained
from the Theorem 3.1 as follows:

NE G 2 s G 5 )

V(ﬁhte):W
+ —-1|+ —-1
{&%A j(:ti);VVmB [”i”j je;\B i(¢j)§VVmA 7

(3.13)
and

v(ﬁ“‘e):ﬁ[Z;[_'l} > Z ( Jzz ] (3.14)

p ies 1 i#] €S

3.2. Simple random sampling without replacement (SRSWOR)

For SRSWOR, 7 =n/N,z =n(n—1)/{N(N -1}, az(i_jz’\‘—n and
I n

p _
B=|—-1|=- N=0  in this case, the expressions A, V(#y) and
ﬂ'iﬂ'j n(N —l)

V (. ) come out as follows:

Ry = 2P _(1; )7y (3.15)

where Z, = Zzi I'n= 4, = proportion of “Yes” answers in the sample s.

ies

RS | CPART NN B E D) I S L DI MR S
N“p ieWnA iz jeWNA ieWnB iz jeWnB iEWNA  j(zi)eWnB JEWNB i(%))eWnA

- NZLpZ[{NWAa +Nya (Nua —1) B} +{aNWB + BNys (N —1)} + B{NyaNys + Nig NWA}]
N-n 1 1
=Nt H pr, — pry (Npz, —1)m}+{(1— p) 7, — (1~ p)zr, (N(L— p) 7, _1)MH

n(N 1) p

n(N “Op? [{ y@- pr,)}+{- P (1- (A= p)my )} -2p(L- p) 7,7y |

(wheref =n/N)
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_N@-f)| 7y @- ”y) Q- p)
np

S (N-D | n {(p-D +(1-2px, )ﬂx+pﬂy}} (3.16)

From the expression (3.15), we set an unbiased estimator of V (7, ) as

V(”wor)—_(l f) L Z(Zi_fs)2

1
p n n- 1IES
1

(1-f)
e A (= A) (3.17)

3.3. Probability proportional to size with replacement (PPSWR)

Let a sample of size nbe selected from the population by PPSWR method
using normed size measure p (> O,Z p; =1) attached to the ith unit. Let z(r) be
the response obtained from the respondent selected at the rth (r=1..,n) draw
with probability p(r) so that z(r)=z; and p(r) = p; if rth draw produces the jth

unit. The Hansen-Hurwitz estimator of the population proportion z, is given by
z(r)
N{ ;p(r)] (- p)7,

p

Noting that E{Z(r)} Zz —Z Wyi+v‘vixi}:N{p7ry+(1— p);zx}, we find
i=1

that 7, is an unbiased estlmator of z,.

The variance of 7, is

. 1
V(”hh): szzv( Z Z((:))]

- iz
Npn{ 4 P

WY+ WX | 2
— {Z ! Nz{pﬂy +(1- p)y } (3.19)
N p n 1 i
Further noting that % are independently distributed random variables, we
r

find an unbiased estimator of 7, as

2
P (A )=t )20 _15han)
V(”““)_szzn(n—l)z{p(r) nzll p(r)} (320

r=1
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3.4. Simple random sampling with replacement (SRSWR)
The PPSWR sampling scheme reduces to SRSWR sampling scheme if
p; =1/N for i=1,..,N . Substituting p; =1/N in the expressions (3.18), we find
an unbiased estimator of 7, for SRSWR sampling method as
—(1—
Zsur Sl )51 5 )7y (3.21)

The expression of the variance of 7, and its unbiased estimator come out as
follows:

1

\ (ﬁ-swr)zﬁ

{%i{wu Yi +V_Vixi}_{ pzy + (1~ p)ﬂx}z}

i=1
=ﬁ[{ pry + (- )y} —{ prry + (1- p)”x}2:|

_ ﬂy(l—”y) 4 (1—2p) [(p_l)ﬂf +<1_2p;z-y)7z'x + pﬂ'y:| (3.22)

n np
and
R A (1—2 )
V(A =S\ 75/ 3.23
(o) =275 (3.23)

Expressions (3.21), (3.22) and (3.23) are the same as those obtained by Tian
(2014).

3.5. Stratified multi-stage sampling design

Consider a population comprising of H strata. The h(=1,..,H)th stratum
consists of My, first-stage units (fsus) and the ith fsu of the hth stratum consists of
My; (i=1.,M}) second-stage units (ssus). The total number of ssus in the

population is 2’,{=12ﬁ’; My; = M . From the hth stratum, a sample s, of size
ny fsus is selected by using a suitable sampling scheme with m;, and m;;), as
inclusion probabilities for the ith, and ith and j (j # i)th fsus. If the ith fsu is
selected in the sample sy, , a sub-sample s, of size ny; ssus is selected from it by
using a suitable sampling scheme with inclusion probabilities my,; and myy; for
the k th, and k and I(l # k)th ssus. We denote the jth ssu of the i th fsu of the h

th stratum as hij th unit. We define the following notations similar to the Section 3.

- = W - . . - vl - . .- . il
0 if hijthunit eB 0 if hijthuniteW 0 if hijth unit € A
| 1 if hijth unit answers"Yes"
710 if hijth unit answers "No"

{l if hijth unit € B {1 if hijth unit eW {l if hijth unit € A
hij = hij = v Yhij =
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Now, Writing zyj; = Whij Ynij + (1- whij)xhij and using the assumption similar to
(3.4), we find that

Z = Z 12 27’”1 Zijk = M[pny +(1- p)”x] (3.24)

_ . 7. _ . L
Further, noting that Zy;, :Zg=12iesh# with Zyjp = Y jesy,; nhﬁ is an

unbiased estimator of Z , we get the following theorem.

Theorem 3.2.
i) ft, = [Z:;e 1- p)nx] is an unbiased estimator of ,,.

(i) The variance of ﬁy is
2 2
Zin  Zjh M, Oiin
V(T[y) ZMzzh 1[2 Z] 1(7Tl|hn]|h T[U|h)( _l _ 2l ) +2.=h _ih ]

Tih  Tjlh =lmy,

where

2
My, hik _ Zhil
Zyy = Z, 4 zniy and oy, = V(Zyp) = Xt lZl M (T T hi = TCketjhi) (”k|lh —nll;i)

(iif) An unbiased estimator of V(#,,) is
Mp ’\2

0(,) = z ZZ(ndhnﬂh 7Tu|h><@ ]|h> Z Oiln
"y ZMZ TCij|n Tin T TCi|h

h=1| i# jesp iESh

where

2
52 _E 2 (”k|hi”l|hi 7zkl|hi)<zhik Zhil>
=

Vs i Vs i T hi
5 ki|hi klhi  TCljhi

is an unbiased estimator of gj,.
Proof:

() E(7y) =2 [2%e) — (1 — pym, |

=3l -
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(") V(T[J’) Mz 2 Ii-ll=1 V(Zh)

= iz S [VE@nls)} + E(V (Znlsn))]
M;pz [ S 22} + 5 {5 2

Zin  Zjn 2 Mp 0i2|h
= o Sl | 20 S5 (Tt = mgin) ) T ity

Tjlh i|h

iy E[V ()]

5 5 2
N
MZ Tij|h Tih T

i+ jEsp
6+
ilh
+E Z l |Sh
& Tj|p
LESh
T pTiiy — 1T Z; Zin \2 P o?
ilhtjlh T iR ilh  “jlh + llh+ jlh
MZ Tijih Tin  Tiin) T T
iz jeEsp i Jl
O’.
ilh
7T.
iESp ih
Mp Mp 7 7 2 2
ilh j|h 0i|n ]|h
T RTT T ) -—— +
( ilhjlh T Hijla =y i 2
=1 |%= j= i %jlh i|h ]|h =

Now, noting that Zﬁ’gn”h:nh and Zy(ii)ﬂ”ijlh: (ny — Dmyp,, we find
E[V(#@y)] = V(#y).

4. Comparison with Greenberg RR model

Consider the Greenberg et al. (1969) model described in Section 1.2 with
P, = p. Let y; = 1(0) if the ith unit does (does not) belong to the sensitive group A

, Xj = 1(0)if the ith unit possesses (does not possess) the non-sensitive
characteristic B and z; = 1(0) if the ith respondent answers “Yes” (“No”). Denoting
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Er (V) as expectation (variance) with respect to the RR model and noting x;
and y; are indicator variables, one finds that

Er (@)= pyi+ (- p)x = Er(2) (4.1)
Ve (@)= pyi+ - p)xi- {ovi+ @ px¥

= p@- p)(X%+ Vi- 2%Yi) (4.2)

Let a sample s of size n be selected from the population using SRSWR

method, Ag :izi G be the proportion of “Yes” answers in the population and
n S

Zi S denote the sum over the units in s with repetition. In this case we have
(S

the following theorem:
Theorem 4.1.

Under SRSWR sampling

() fig = %[/15 — (1 —p)m,] is an unbiased estimator of m,, when m, is known.
(i) The variance of 7; is

”y(l ”y)
n

V(ﬁa) =

[(P D + (1 - Zp”y)”x +pmy ]

(iii) An unbiased estimator of V(#t;) is

As(1—45)
V(ite) _ﬁ — 1Z(Zl Ag) l - Dp?

Proof:

(i) E(tg) =

JE@ - (1 -]

= %I:Ep {%Zies Eg (Zi)} -(1- p)ﬂx]

Z{pyl + A -p)x}— 1A -p)m,

iev
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(i) V(#@tg) = V,[Er(fts)] + Ep[Vr(fic)]

1 (1-p) 1
=V |=2ies Er(z) — pp ﬂx] + E, [WZL'ES VR(Zi)]

[np
Z(xl +y; — ZxLy,)l

i€s

Z{pyﬁ(l p)xi}| + Ep

I.ES

> oy + (1 - px ~ oy + (1= iy’

ieu

+—Z(xl+yl 2x; yl)

ieu

1

= [p?m, (1 —m,) + (1 — p)?m(1 — ) + 2p(1 — p)(myy — mymry)]

1 —
+ P (nx +m, — Zﬂxy)

Noting that n,, = m,m,, as xand Y are independent, we obtain
~ 1- 1-
V(Rg) = M + pz—: [(p - DnZ + (1-2pmy)m, + pm, ]

(iii) Further, z's, 1=12,..,n are independent and identically distributed random

variables, one finds that E[V (#;)] = E[V (7))

Here, we note that for the SRSWR sampling, the expressions 7, and V(#;) of
the Greenberg et al. (1969) model are respectively the same as the expressions
Zewr (EQ. 3.21) and v (z,, )(Ed. 3.22) in the Parallel model proposed by Tian

(2014).

swr )

Consider the situation where a sample s of size nis selected by the
SRSWOR method and from each of the selected respondents randomized
responses were obtained by using Greenberg et al. (1969) RR technique. Let
As = Zg = Yies Z; /n denote the proportion of “Yes” answers in the sample. In this
case we have the following results:

Theorem 4.2.
Under SRSWOR sampling,

() g ==[As — (1 —p)m,] is an unbiased estimator of m,,.

1
p

(ii) The variance of 7 is

N —
V(#RE) = ﬁ [ny(l ny) + nx(l x)] (nx +m, - Zﬂxﬂy)

(iii) An unbiased estimator of V(#;) is



82 R. Arnab, D. K. Shangodoyin, A. Arcos: Nonrandomized response...

P = TS -
p?’Nnn—1

i€s

(T[G + Ty — anﬁG)

N—ni(1-2,) . .
= 2N (n-1) P (fig + 7y — 27, 7ig)

Proof:

() E(tg) = —[E(As) — (1 —p) 7k ]

1
p

= },[Ep [ Bies Er(z} - (1 = p)my|

+ (A -px}-(1 _p)ﬂx]

lEU

(i) V(@) = V[Er()] + Ep[Va (7))

_ 1 (1-p) 1
- Vp [EZL'ES ER (Zi) - " nx] + Ep [WZL’ES VR (Zi)]

= Z_;l [%Zieu{p%' + (1= p)x}* = {pmy + (1 - p)nx}Z]

N Z(xl + v — 2x;y;)

ieu

N—-—n

= 7 [pzny(l - ny) + A -p)m,(1-m,) +2p(1 — p)(nxy - nxny)]
1-p
-2
+ - (my + my — 2myy,)
Now, noting that, 7y, = 7,1, we find that

A % N -

V(zg) = W =Dn [ny(l T[y) + o7 T[x(l nx)] (r[x +m, — Zﬂxﬂy)

("|) E[V( )] N-n 1 [ZLESER(ZZ) ZLESER(Z )+Zl¢2]EsER( )ER( )

2Nnn 1 p n

1-—
+ T(nx +my, — anny)
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Z{ER G+ Vale) =52 . Enz) En(2)

ieu i+ jeU

1_
+

d (T[x +m, - 27Tx7'[y)
=V(7;
From the expressions of V(#i;) and (3.16), we find that

n-11-p

V(ft ) V(T[wor) = N—1 np [T[x(l - T[y) + T[y(l - T[x)]

>0 (4.3)

From the Eq. (4.3), we conclude for the SRSWOR sampling, Tian’s (2014)
estimator #,,,, based on NRR method is more efficient than the Greenberg et al.’s
(1969) estimator 7; based on RR technique for estimating the population
proportion m,,. However, for large N , both are equally efficient. The percentage
relative efficiency of #,,,, with respect to 7i; under SRSWOR sampling assuming

-~ = 1is given by

V(R
Vo) 0
(1 - [ny(l my) + nx(l nx)] (nx + 1y — 2Tyy)

x 100
(1 -f) [ny(l —-m,) + 1p—2p{(p - DnZ + (1 — 2pmy )y + pT[y}]

(4.4)

The percentage relative efficiency ( E ) for different values of m,, m,, P and
f is given in the Table 4.1. For the given values of m,,m,, the efficiency
increases with P until p = 0.50, then it decreases. Efficiency increases with the
increase in the sampling fraction f . The maximum efficiency 148.6 is attained

when
f =0.40, m,=0.10, m, = 0.75 and P=0.40.

Table 4.1. Efficiency of 7 with respect to 7T,

f =01 f =02

P P

0.1 0.25 0.4 0.5 0.75 0.1 0.25 0.4 0.5 0.75

0.10 102.0| 104.2| 105.3| 105.6| 104.2 104.5| 109.4 112| 112.5]| 109.4

0.25 101.7| 103.7| 105.2| 105.8| 105.3 103.8| 108.4| 111.7| 113.0] 111.9

0.10 [0.40 101.8 104| 105.6| 106.2| 106.1 104.1| 109.0| 112.5| 114.0| 113.6

0.50 102.0] 104.3| 105.9| 106.6| 106.5 104.5| 109.8| 113.4| 114.9| 114.6

0.75 103.2| 106.0| 107.5] 108.0] 107.5 107.3| 113.5| 116.8| 117.9| 116.9
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Table 4.1. Efficiency of t; with respect to 7,,, (cont.)

f =01 f =02
p p
Ty | T
01 | 025 | 04 05 | 075 01 | 025 | 04 | 05 | 075
0.10 | 102.9| 105.3| 106.0| 105.8| 103.7 106.6| 111.9| 113.4| 113.0| 108.4
0.25 | 102.0] 104.2| 105.3| 105.6] 104.2 104.5| 109.4| 112,0| 112.5| 109.4
0.25 [0.40 | 101.9] 104.1] 105.3| 105.7] 104.6 104.3| 109.1| 112.0] 112.8] 110.3
0.50 | 102.0] 104.2| 105.6| 105.9]| 104.8 104.5| 109.5| 112.5| 113.3] 110.9
0.75 | 103.0] 105.6] 106.7| 106.9] 1056 106.7| 112.5| 115.2| 115.6| 1125
0.10 | 103.7| 106.1| 106.5| 106.2] 104.0 108.4| 113.6| 114.7| 114.0| 109.0
0.25 | 102.3| 104.6] 105.6| 105.7| 104.1 105.2| 110.3| 112.6| 112.8] 109.1
0.40 [0.40 | 102.0] 104.2] 105.3| 105.6] 104.2 104.5| 109.4| 112.0| 112.5| 109.4
050 | 102.0| 104.2| 105.4| 105.6] 104.3 104.5| 109.4| 112.1| 112.6| 109.6
0.75 | 102.7] 105.1] 106.2| 106.3| 104.6 106.1| 111.5| 113.9] 114.1] 110.3
0.10 | 104.2| 106.5] 106.9| 106.6] 104.3 109.3| 114.6| 115.6| 114.9] 109.8
0.50/0.25 | 102.5] 104.8] 105.9] 105.9] 104.2 105.6| 110.9| 113.2] 113.3] 109.5
0.40 | 102.1| 104.3| 105.4| 105.6] 104.2 104.7| 109.6| 112.2| 112.6| 109.4
0.50 | 102.0] 104.2| 105.3| 105.6] 104.2 104.5| 109.4| 112.0| 112.5| 109.4
0.75 | 102.5| 104.8] 105.9| 105.9| 104.2 105.6| 110.9| 113.2| 113.3| 109.5
0.10 | 105.1| 107.5| 108.1| 108.0] 106.0 111.4| 116.9| 118.2| 117.9| 1135
0.25 | 103.0] 105.6] 106.7] 106.9] 1056 106.7| 112.5| 115.2| 115.6| 1125
0.75 [0.40 | 102.2] 104.6] 105.9| 106.3] 105.1 105.0| 110.3| 113.3| 114.1] 1115
0.50 | 102.0] 104.2| 105.6| 105.9| 104.8 104.5| 109.5| 112.5| 113.3| 110.9
0.75 | 102.0] 104.2| 105.3| 105.6] 104.2 104.5| 109.4| 112.0| 112.5| 109.4
f =03 f =04
0.10 | 107.7] 116.1] 120.6] 121.4] 116.1 112.0] 125.0] 132.0] 133.3] 125.0
0.10 |0.25 | 106.4] 114.4] 120.1| 122.3] 120.3 110.0| 122.4| 131.2| 134.6| 1316
0.40 | 106.9| 1154| 121.4| 124.0| 123.4 110.8| 123.9| 133.3| 137.3| 136.4
050 | 107.8| 116.7| 122.9]| 1255| 125.1 112.1| 126.0| 135.7| 139.7| 139.1
0.75 | 112.5| 123.2| 128.8] 130.7] 129.1 119.5| 136.1| 144.8| 147.7| 145.2
0.10 | 111.4| 120.3| 123.0| 122.3| 114.4 117.7| 131.6] 135.7| 134.6| 122.4
0.25 [0.25 | 107.7| 116.1| 120.6| 121.4| 116.1 112.0| 125.0| 132.0| 133.3| 125.0
040 | 107.3| 115.6| 120.6| 122.0] 117.7 111.4| 124.3| 132.1| 134.2| 1275
050 | 107.7| 116.3| 121.4| 122.9| 1187 112.0| 125.4| 133.3| 135.6| 129.1
0.75 | 111.5| 121.4| 126.0| 126.8| 121.4 117.9| 133.3| 140.4| 141.7| 133.3
0.10 | 114.3| 123.4| 1252| 124.0] 1154 122.3| 136.4| 139.2| 137.3| 123.9
0.40 |0.25 | 108.9] 117.7] 121.6| 122.0] 1156 113.9| 127.5| 133.7| 134.2| 124.3
040 | 107.7| 116.1| 120.6| 121.4| 116.1 112.0| 125.0| 132.0| 133.3| 125.0
050 | 107.7| 116.1| 120.7| 121.6]| 116.4 112.0| 125.1| 132.2| 133.7| 12556
0.75 | 110.4| 119.8] 123.8| 124.1| 117.7 116.2| 130.7| 137.0| 137.5| 1275
0.10 | 116.0| 125.1| 126.7| 1255| 116.7 124.9| 139.1| 141.6| 139.7| 126.0
0.50 |0.25 | 109.7] 118.7] 122.6| 122.9] 116.3 115.0| 129.1| 135.2| 135.6| 125.4
0.40 | 108.0] 116.4] 120.9] 121.6] 116.1 112.4| 1256 132.5] 133.7] 125.1
050 | 107.7| 116.1| 120.6] 121.4] 116.1 112.0| 125.0] 132.0| 133.3] 125.0
0.75 | 109.7| 118.7| 122.6| 122.9| 116.3 115.0| 129.1| 135.2| 135.6| 125.4
0.10 | 119.6] 129.1| 131.3| 130.7| 123.2 130.5| 145.2| 148.6| 147.7| 136.1
0.75 [0.25 | 111.5| 121.4| 126.0| 126.8| 121.4 117.9| 133.3| 140.4| 141.7| 133.3
0.40 | 108.6| 117.7| 122.8| 124.1| 119.8 113.4| 127.5| 135.4| 137.5| 130.7
050 | 107.7| 116.3| 121.4| 122.9] 1187 112.0| 125.4| 133.3| 135.6] 129.1
0.75 | 107.7| 116.1] 120.6| 121.4| 116.1 112.0| 125.0| 132.0| 133.3| 125.0
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5. Conclusion

The Randomized Response technique was introduced by Warner (1965) to
collect data on sensitive characteristics. In this technique, the respondents have
to perform randomized response experiments using devices which make the
survey more expensive and time-consuming than the direct response surveys.
Apart from these limitations, the procedure may vyield different response
depending on the outcome of the RR trial and it is unfeasible for malil
questionnaire. To overcome some of the aforementioned difficulties, nonrandomized
response (NRR) model was proposed by Tian et al. (2007), Yu et al. (2008), Tan
et al. (2009), Tian (2014), among others. All the proposed procedures are limited
to SRSWR sampling design and are unusable in real life complex multi-character
surveys. In this paper, NRR models have been extended to complex surveys in a
unified setup, which is applicable to any sampling design and estimators. The
estimators of the population proportions, their variances and unbiased estimators
of the variances for the existing NRR models can be obtained from the proposed
method as special cases. It has been found for the SRSWR sampling,
expressions of the estimators of the population proportion =,, its variance for the
Greenberg et al. (1969) and Tian (2014) are the same. However, for the
SRSWOR sampling, the variance of Tian (2014) estimator is smaller than that of
the Greenberg et al. (1969) estimator. But for large population they are equal.
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